Rules for integrands of the form (a+bx)" (c+dx)" (e + fx)P (g + hx)4
whenbc-ad#@ Abe-af#0Abg-ah#z0 Ade-cf#z0Adg-ch#z0Afg-ehz0

1. j(a+bx)'" (c+dx)" (e+fx)P? (g+hx) dx
1. j(a+bx)'" (c+dx)" (e+fx) (g+hx) dx

1: J(a+bx)’“(c+dx)" (e+fx) (g+hx) dx whenmez* v (m|n)ez

Derivation: Algebraic expansion

Rule1.1.1.4.1.1.1:if me z* vV (m | n) € Z,then
j(a+bx)'“ (c+dx)" (e+fx) (g+hx) dx —

JExpandIntegrand [(@+bx)" (c+dx)" (e+Fx) (g+hx), x] dx

Program code:

Int [ (a_.+b_.*x_)™m_.%(c_.+d_.*x_)"n_.=* (e_+f_. *x_) *(g_.+h_.*x_) ,x_Symbol] &=
Int[ExpandIntegrand [ (a+bxx)"m# (C+d#x)*n* (e+fxx)* (g+h*x),x],x] /;
FreeQ[{a,b,c,d,e,f,g,h},x] && (IGtQ[m,0] || IntegersQ[m,n])



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

2: J-(a+bx)’“(c+dx)n (e+fx) (g+hx)dx whenm+n+2=0 A m#-1

Derivation: 7?7
Rule1.1.14.1.1.2:1f m+n+2 =0 A m+ -1,then

J(a+bx)'" (c+dx)" (e+fx) (g+hx) dx —

(((b®’deg-a*dfhm-ab (d (fg+eh) -cfh(m+1)) +bfh (bc-ad) (m+1) x) (a+bx)™* (c+dx)™) /(b*d (bc-ad) (m+1))) +

adfhm+b (d (fg+eh) -cfh (m+2)
b2 d

) J(a+bx)’“*1 (c+dx)"dx

Program code:

Int[(a_.+b_.#x_) m_x (c_.+d_.#x_) n_.*(e_+Ff_.#x_)*(g_.+h_.*x_),x_Symbol] :=
(b"Z*d*e*g—a"Z*d*f*h*m—a*b* (d* (f*g+e*h) —-cxfxhx (m+1) ) +bxfxhx (bxc-axd) x (m+1) *X) * (a+bxx) ~ (m+1) * (c+dxXx) ~ (n+1) /
(bA2xd* (bxc-axd) * (m+1)) +
(axdxfxhsm+bs (dx (Fxg+exh) -cafxhx (m+2))) / (b72xd) +Int [ (a+bxx) " (M+1) » (c+d#X) *n,X] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n},x] & EqQ[m+n+2,0] && NeQ[m,-1] && (SumSimplerQ[m,1] || Not[SumSimplerQ[n,1]])

3. J.(a+bx)’" (c+dx)" (e+fx) (g+hx) dx whenm< -1

1: J(a+bx)"‘ (c+dx)" (e+fx) (g+hx) dx whenm< -1 A n<-1

Derivation: 7??
Rule1.1.1.4.1.1.3.1:If m< -1 A n < -1, then

j(a+bx)'“ (c+dx)" (e+fx) (g+hx) dx —

((b*cdeg (n+1) +a’cdfh (n+1) +ab (d®eg (m+1) +c*>fh (m+1) -cd (fg+eh) (m+n+2)) +
(a?d*fh (n+1) -abd®* (fg+eh) (n+1) +b*> (*fh (m+1) -cd (fg+eh) (m+1) +d’egm+n+2))) x)/(bd(bc-ad)?> (m+1) (n+1)))



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

v - v - - v - - - - - Sr VACAREN - - - - cr

(a+bx)™! (c+dx)™?! -

(a?d*fh (2+3n+n?) +abd (n+1) (2cfh(m+1) -d (fg+eh) (m+n+3))+
b> (c>fh (2+3m+m?) -cd (fg+eh) (m+1) (m+n+3) +d’eg (6+m +5n+n’+m(2n+5))))/(bd (bc-ad)?> (m+1) (n+1)) -

J(a+ bx)™? (c+dx)™dx

Program code:

Int[(a_.+b_.*x_)“m_*(c_.+d_.*x_)“n_*(e_+f_.*x_)*(g_.+h_.*x_),X_Symbol] g=
(bAZ*c*d*e*g*(n+1)+aA2*C*d*f*h*(n+1)+a*b*(dA2*e*g*(m+1)+c“2*f*h*(m+1)—c*d*(f*g+e*h)*(m+n+2))+
(aAz*dAz*f*h*(n+1)—a*b*dAz*(f*g+e*h)*(n+1)+bA2*(cA2*f*h*(m+1)—c*d*(f*g+e*h)*(m+1)+dA2*e*g*(m+n+2)))*x)/
(bxdx (bxc-axd) *2% (m+1) * (N+1) ) * (Q+bxx) A (M+1) » (C+d*x) ~ (n+1) -
(a“Z*dAZ*f*h*(2+3*n+nA2)+a*b*d*(n+1)*(2*c*f*h*(m+1)-d*(f*g+e*h)*(m+n+3))+
b“2*(c“2*f*h*(2+3*m+m“2)—C*d*(f*g+e*h)*(m+1)*(m+n+3)+dA2*e*g*(6+mA2+5*n+nA2+m*(2*n+5))))/
(bxd* (bxc-axd) *2% (m+1) * (n+1) ) *Int[ (a+b*x) " (m+1) * (c+d*x) ~ (n+1) ,x] /;
FreeQ[{a,b,c,d,e,f,g,h},x] && LtQ[m,-1] & LtQ[n,-1]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

2. j(a+bx)'" (c+dx)" (e+fx) (g+hx) dxwhenm<-1 A n¢-1

1: J(a+bx)“‘ (c+dx)" (e+fx) (g+hx) dx whenm< -2

Derivation: 7?77
Rule1.1.1.4.1.1.3.2.1: If m < -2, then

j(a+bx)'“ (c+dx)" (e+fx) (g+hx) dx —

((b>ceg (m+2) -a*>dfh (n+2) -a’b (cfhm-d (fg+eh) (m+n+3)) -ab’ (c(fg+eh)+deg (2m+n+4)) +
b(a®dfh (m-n)-ab (2cfh (m+1) -d (fg+eh) (n+1)) +b* (c (Fg+eh) (m+1) -deg (m+n+2)))x)/(b? (bc-ad)? (m+1) (m+2)))
(@a+bx)™! (c+dx)™t 4+

fh
b_z_ (d(m+n+3) (a>dfh (m-n) -ab (2cfh (m+1) -d (fg+eh) (n+1)) +b* (c (Fg+eh) (m+1) -deg (m+n+2))))/(b* (bc-ad)? (m+1) (m+2))

J(a+bx)"‘*2 (c +dx)"dx

Program code:

Int[(a_.+b_.#x_ ) m_x (c_.+d_.#x_)"n_.%(e_+F_.#x_)*(g_.+h_.*x_),x_Symbol] :=
(b"3*c*e*g* (m+2) -a*3xd*fxhx (n+2) -a*2xb* (c*‘F*h*m—d* ('F*g+e*h) * (M+n+3) ) -axb"2x (c* ('F*g+e*h) +dxexg* (2xm+n+4) ) +
b*(aAZ*d*f*h*(m—n)—a*b*(z*c*f*h*(m+1)-d*(f*g+e*h)*(n+1))+b“2*(c*(f*g+e*h)*(m+1)-d*e*g*(m+n+2)))*x)/
(b*2% (bxc-axd) A2 (M+1) % (M+2) ) % (a+b#x) A (M+1) % (c+d*x) A (n+1) +
('F*h/b"Z— (d* (m+n+3) % (a"Z*d*'F*h* (m-n) -axbx (Z*C*'F*h* (m+1) -d=* ('F*g+e*h) *(n+1) ) +b" 2% (c* (f*g+e*h) * (M+1) ~d*xexg* (m+n+2) ) ) )/
(b~2% (bxc-axd) 2% (m+1) x (m+2)) ) *
Int[ (a+b*xx)” (Mm+2) * (c+d*Xx)*n,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n},x] && (LtQ[m,-2] || EqQ[m+n+3,0] && Not[LtQ[n,-2]])



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

2: J(a+bx)'“ (c+dx)" (e+fx) (g+hx) dx when-2sm< -1

Derivation: 7?7?
Rule 1.1.1.4.1.1.3.2.2:1f -2 <m < -1, then

J(a+bx)'" (c+dx)" (e+fx) (g+hx) dx —

((a*dfh (n+2) +b*’deg (m+n+3) +ab (cfh(m+1) -d(fg+eh) (m+n+3)) +bfh (bc-ad) (m+1) x)/(bzd(bc—ad) (m+1) (m+n+3)))
(a+bx)™! (c+dx)™?!-
((a*d*fh (n+1) (n+2) +abd (n+1) (2cfh (m+1) -d (fg+eh) (m+n+3)) +
b> (c*fh (m+1) (m+2) -cd (fg+eh) (m+1) (m+n+3) +d’eg(m+n+2) (m+n+3)))/(b>d (bc-ad) (m+1) (m+n+3)))J.(a+bx)’“+1 (c +dx)"dx

Program code:

Int[(a_.+b_.#x_) m_x (c_.+d_.#x_)~n_.*(e_+Ff_.#x_)*(g_.+h_.*x_),x_Symbol] :=
(a"Z*d*f*h* (n+2) +b”2xdxexg* (m+n+3) +axbx (c*'F*h* (m+1) -d* ('F*g+e*h) * (M+Nn+3) ) +bxfxhx (bxc-axd) » (m+1) *X)/
(bA2xd* (bxc-axd) * (m+1) * (M+n+3) ) » (a+b*x) * (M+1) » (c+d*x) * (n+1) -
(a"Z*d"Z*f*h* (n+1) * (n+2) +axb*d* (n+1) % (Z*C*'F*h* (m+1) -d= ('F*g+e*h) * (m+n+3) ) +
b”2% (C"Z*f*h* (M+1) * (M+2) —Cxd* (f*g+e*h) * (M+1) * (Mm+n+3) +d"2xexg* (M+N+2) * (M+n+3) ) )/
(b*2%d* (bxc-axd) * (m+1) * (m+n+3) ) *Int[ (a+bxx) (m+1) * (c+d*X)*n,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n},x]| && (GeQ[m,-2] && LtQ[m,-1] || SumSimplerQ[m,1]) && NeQ[m,-1] && NeQ[m+n+3,0]

4: J(a+bx)"‘(c+dx)" (e+fx) (g+hx) dx whenm¢-1 Am+n+2#0 Am+n+3#0

Derivation: 7?77
Rule1.1.14.1.14:1fm¢ -1 Am+n+2+0 Am+n+ 3+ 0,then

j(a+bx)'“ (c+dx)" (e+fx) (g+hx) dx —

-(((adfh(n+2) +bcfh(m+2) -bd (fg+eh) m+n+3) -bdfh m+n+2)x) (@a+bx)™ (c+dx)™) /(b*d®> (m+n+2) (m+n+3))) +



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

LURURY - v

(a?d*fh (n+1) (n+2) +abd (n+1) (2cfh(m+1) -d (fg+eh) (m+n+3)) +
b> (*fh (m+1) (m+2) -cd (fg+eh) (m+1) (m+n+3) +d’eg (m+n+2) m+n+3)))/(b*>d*> (m+n+2) (m+n+3))-

J(a+bx)"‘ (c+dx)"

dx

Program code:

Int[(a_.+b_.#x_ ) m_.% (C_.+d_.*x_)"n_.%(e_+f_.*x_)*(g_.+h_.*x_),x_Symbol] :=
- (a*d*f*h* (n+2) +bxcxfxhx (m+2) -bxd* ('F*g+e*h) * (M+n+3) -bxdxfxhx (m+n+2) *x) * (a+bxx) ~ (m+1) * (c+dxx) ~ (n+1) /
(b”2xd”2% (M+n+2) x (m+n+3) ) +
(a"Z*d"Z*f*h* (n+1) * (n+2) +axbxd* (n+1) » (Z*C*f*h* (m+1) -d* ('F*g+e*h) * (m+n+3) ) +
b”2x% (CAZ*'F*h* (m+1) % (M+2) —Cxd* ('F*g+e*h) * (M+1) * (M+n+3) +d*2xexgx (M+N+2) x (M+Nn+3) ) )/
(bA2%d”2% (M+n+2) * (Mm+n+3) ) *Int [ (a+b*x) *m* (c+dxXx)*n,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n},x] && NeQ[m+n+2,0] && NeQ[m+n+3,0]

2: J(a+bx)'“ (c+dx)" (e+-Fx)" (g+hx)dx when (m|n|p)ez V (n|p)ez*

Derivation: Algebraic expansion

Rule1.1.1.4.1.2:1f (m | n|p) €z V (n|p) €Z",then
J(a+bx)’“(c+dx)"(e+-Fx)p(g+hx) dx —

jExpandIntegr‘and [(@+bx)" (c+dx)" (e+Fx)® (g+hx), x] dx

Program code:

Int[(a_.+b_.#x_ ) m_x (c_.+d_.#x_) n_x(e_.+F_.#x_) p_x(g_.+h_.*x_),x_Symbol] :=
Int[ExpandIntegrand [ (a+bx)"m# (C+dx)*n« (e+fxx) " p* (g+hxx),x],x] /;
FreeQ[{a,b,c,d,e,f,g,h,m},x] && (IntegersQ[m,n,p] || IGtQ[n,0] & IGtQ[p,O])



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

3. J(a+bx)"‘ (c+dx)" (e+fx)? (g+hx) dx when m< -1

1: J(a+bx)m (c+dx)" (e+fx)? (g+hx) dx whenm<-1 An>0

Derivation: Nondegenerate trilinear recurrence 1

Rule1.1.1.4.1.3.1:1f m< -1 A n > 0, then

j(a+bx)'“ (c+dx)" (e+fx)? (g+hx) dx —

(bg-ah) (@a+bx)™! (c+dx)" (e+fx)P

b(be-af) (m+1)
1

J‘(a+bx)"‘+1 (c+dx)"? (e+Fx)P-
b(be-af) (m+1)

(bc (fg-eh) m+1) + (bg-ah) (den+cf (p+1)) +d (b (fg-eh) (m+1) +f (bg-ah) (n+p+1))x)dx

Program code:

Int[(a_.+b_.#x_) m_x (c_.+d_.#x_) n_x(e_.+F_.#x_) p_x(g_.+h_.*x_),x_Symbol] :=
(bxg-axh) x (a+bxx) ~ (m+1) * (c+dxX) *n* (e+'F*X) 2 (p+1)/(b* (b*e—a*f) * (m+1)) -
1/(b* (b*e-a*f) * (M+1) ) *Int [ (a+bxx) ~ (m+1) % (C+dxXx) ~ (n-1) (e+'F*x) Apx
Simp[b*C*(f*g—e*h)*(m+1)+(b*g—a*h)*(d*e*n+C*f*(p+1))+d*(b*(f*g—e*h)*(m+1)+f*(b*g—a*h)*(n+p+1))*X,X],X] /5
FreeQ[{a,b,c,d,e,f,g,h,p},x] && ILtQ[m,-1] & GtQ[n,O]

Int[(a_.+b_.#x_ ) M_x (C_.+d_.*X_)"n_x(e_.+f_.*x_) p_*(g_.+h_.*x_),x_Symbol] :=
(bxg-axh) x (a+bxx) ~ (m+1) * (c+dxX) *n* (e+'F*x) A (p+1)/(b* (b*e-a*f) * (M+1) ) -
1/ (b* (bxe-asf)* (m+1) ) +Int[ (a+bxx) " (M+1) * (C+d#x) ~ (n-1) » (e+Fxx) "px
Simp [b*C* (‘F*g—e*h) * (M+1) + (bxg-axh) » (d*e*n+c*f* (p+1) ) +d* (b* ('F*g—e*h) * (M+1) +f* (bxg-axh) * (n+p+1) ) *X,X] ,X] /5
FreeQ[{a,b,c,d,e,f,g,h,p},x]| && LtQ[m,-1] & GtQ[n,0] && IntegersQ[2xm,2xn,2xp]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

2: J(a+bx)"‘ (c+dx)" (e+fx)? (g+hx) dx whenm<-1 Anyo

Derivation: Nondegenerate trilinear recurrence 3

Rule1.1.1.4.1.3.2:1f m< -1 A n # 0, then

J(a+bx)'“ (c+dx)" (e +£x)” (g+hx) dx —

(bg-ah) (a+bx)™?* (c+dx)"?* (e+-Fx)ID+1
+

(m+1) (bc-ad) (be-af)
1

Jh(a+bx)’"+1 (c+dx)" (e+fx)P.
(m+1) (bc-ad) (be-af)

((adfg-b(de+cf)g+bceh) (m+1) - (bg-ah) (de(n+1) +cf (p+1))-df (bg-ah) (m+n+p+3)x)dx

Program code:

Int[(a_.+b_.#x_ ) m_x (C_.+d_.#x_) n_x(e_.+F_.#x_) p_x (g_.+h_.*x_) ,x_Symbol] :=
(b*g—a*h)*(a+b*x)A(m+1)*(c+d*x)A(n+1)*(e+f*x)A(p+1)/((m+1)*(b*c-a*d)*(b*e—a*f)) +
1/( (m+1) » (bxc-axd) % (b*e—a*f) ) *Int [ (a+b%x) A (m+1) * (C+d*X) *n* (e+f*x) Ap*
Simp[ (a*d*f*g—b* (d*e+c*-F) *g+b*c*e*h) * (M+1) - (bxg-axh) » (d*e* (n+1) +cxfx (p+1) ) -dxfx (bxg-axh) * (m+n+p+3) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g,h,n,p},x]| && ILtQ[m,-1]

Int[(a_.+b_.#x_) m_x (c_.+d_.#x_) n_x(e_.+F_.#x_) p_x (g_.+h_.*x_),x_Symbol] :=
(b*g—a*h)*(a+b*x)"(m+1)*(c+d*x)"(n+1)*(e+-F*x)"(p+1)/((m+1)*(b*c—a*d)*(b*e—a*f)) +
1/( (m+1) % (bxc-axd) % (b*e—a*f) ) *Int [ (a+b*x) A (m+1) * (C+d*X) *n* (e+f*x) Ap*
Simp [ (a*d#fxg-bx (dxe+cxf) xg+bxcxexh)« (m+l) - (bxg-axh) « (dxex (n+1) +Cxfx (p+1) ) -dwfx (bxg-axh) » (m+n+p+3) *x,x] ,x] /;
FreeQ[{a,b,c,d,e,f,g,h,n,p},x] && LtQ[m,-1] && IntegersQ[2+m,2+n,2+p]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

4: J(a+bx)"‘(c+dx)" (e+Fx)? (g+hx) dx whenm>@ Am+n+p+2#0

Derivation: Nondegenerate trilinear recurrence 2

Rule1.1.1.4.14:1f m>0 A m+n+p+ 2+ 0,then

J(a+bx)'“ (c+dx)" (e +£x)” (g+hx) dx —

h(@+bx)™ (c+dx)™? (e+fx)P

+

df (m+n+p+2)

1
J‘(a+bx)’"‘1 (c+dx)" (e+fx)P-

df (m+n+p+2)
(adfgm+n+p+2)-h(bcem+a(de(n+1)+cf(p+1)))+ (bdfgm+n+p+2)+h(adfm-b(dem+n+1)+cfm+p+1))))x)dx

Program code:

Int[(a_.+b_.*x_)Am_*(c_.+d_.*x_)An_*(e_.+f_.*x_)Ap_*(g_.+h_.*x_),x_Symbol] &
hx (a+b*x) "mx (C+d*x) A (n+1) » (e+Fxx) A (p+1) /(dxfx (men+p+2)) +
1/(d*f*(m+n+p+2))*Int[(a+b*x)A(m—1)*(c+d*x)An*(e+f*x)Ap*
Simp[a*d*f*g*(m+n+p+2)—h*(b*c*e*m+a*(d*e*(n+1)+c*f*(p+1)))+(b*d*f*g*(m+n+p+2)+h*(a*d*f*m—b*(d*e*(m+n+1)+c*f*(m+p+1))))*x,x],x] /3
FreeQ[{a,b,c,d,e,f,g,h,n,p},x]| && GtQ[m,0] & NeQ[m+n+p+2,0] & IntegerQ[m]

Int[(a_.+b_.*x_) Am_x(C_.+d_.%*X_)"n_=* (e_.+'F_.*x_) Ap_*(g_.+h_.*x_) ,x_Symbol] g
h*(a+b*x)Am*(c+d*x)A(n+1)*(e+f*x)A(p+1)/(d*f*(m+n+p+2)) +
1/(d*'F* (Mm+n+p+2) ) *Int [ (a+b%xx) A (m-1) * (c+d*X) *n* (e+'F*X) Ap*
Simp[a*d*f*g* (m+n+p+2) -hx (b*c*e*m+a* (d*e* (n+1)+c*'F*(p+1)))+(b*d*f*g*(m+n+p+2) +hx (a*d*f*m—b* (d*e* (Mm+n+1) +Cxfx (m+p+1))))*x,x],x] /3
FreeQ[{a,b,c,d,e,f,g,h,n,p},x]| && GtQ[m,0] & NeQ[m+n+p+2,0] & IntegersQ[2m,2xn,2xp]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

5: J(a+bx)'“(c+dx)" (e+fx)? (g+hx) dx whenm+n+p+2ez A m#-1

Derivation: Nondegenerate trilinear recurrence 3

Note:lf m+n+p+2eZ,then fa+bx" (c+dx" (e+Fx)® (g+hx) ax can be expressed in terms of the hypergeometric
function 2F1.

Rule1.1.14.15: fm+n+p+2€Z A m#+ -1,then

j(a+bx)"‘ (c+dx)" (e+fx)? (g+hx) dx —

(bg-ah) (a+bx)™* (c+dx)"? (e+1:x)p+1
+

(m+1) (bc-ad) (be-af)
1

J(a+bx)’"*1 (c+dx)" (e+fx)P-
(m+1) (bc-ad) (be-af)

((adfg-b(de+cf)g+bceh) (m+1) - (bg-ah) (de(n+1)+cf (p+1))-df (bg-ah) (m+n+p+3)x)dx

Program code:

Int [ (a_.+b_.*x_)"m_=* (c_.+d_.*X_)"*n_=* (e_. +f_. *x_) Ap_*(g_.+h_.*x_) ,X_Symbol] &
(bxg-axh) x (a+bxx) A (M+1) » (C+d#x) A (n+1) * (e+Fxx) A (p+1) / ((m+1) x (bxc-axd) » (bxe-axf)) +
1/( (m+1) » (bxc-axd) = (b*e—a*f) ) *Int [ (a+bxx) A (m+1) * (C+d*X) *n# (e+f*x) “p*
Simp[ (a*d*f*g—b* (d*e+c*-F) *g+b*c*e*h) * (Mm+1) - (bxg-axh) » (d*e* (n+1) +cxf* (p+1) ) -d*fx (bxg-axh) * (m+n+p+3) *X,X] ,X] /3
FreeQ[{a,b,c,d,e,f,g,h,n,p},x]| && ILtQ[m+n+p+2,0] & NeQ[m,-1] &&
(sumsimplerQ[m,1] || Not[NeQ[n,-1] & SumSimplerQ[n,1]] && Not[NeQ[p,-1] && SumSimplerQ[p,1]])



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

+dx)" + fx)P +h
6 J«(c X) (e x) (g +hx) x

a+bx

dx whenm+n+1ez*

o (@a+bx)" (c+dx)" (g +hx)
J e+ fx

Derivation: Algebraic expansion

Basis: (a+bx)™ (c+dx)" (g+hx) _ (fg-eh) (cf-de)™M1 (a+bx)" (a+bx) ™ 2 (cpdx)™nN 1l (gihx)-(fg-eh) (cf-de)m™n+t

e+f x .Fm+n+2 (C+d X>m+1 (e+fx) .Fm+n+2 (C+d X>m+1 e+f x

+Nn+2 +n+1 +n+1 . . H
Note:lf m+ n+1 e z*,then F-—(cxdxa 7 (g+hx) - (fg-eh) (cf-de)T7" jq 3 nolynomial in x.

e+f x
Rule1.1.1.3.93:If m+n+1 € z*, then
(@a+bx)" (c+dx)" (g +hx)
j dx —
e+fx
(fg-eh) (cf-de)™™* (a+bx)" 4 1 (a+rbx)" ™2 (c+dx)™™! (g+hx) - (fg-eh) (cf-de)™" 5
X + X
.Fm+n+2 (C+dX)m+l (e+'Fx) .Fm+n+2 J(c+dx)m+1 e+'Fx

Program code:

Int[(a_.+b_.#x_ ) m_% (C_.+d_.*x_)"n_x(g_.+h_.«x_) /(e_.+f_.*x_),x_Symbol] :=
('F*g—e*h) * (C*'F—d*e) 2 (m+n+1)/-F" (m+n+2) *Int [ (a+bx*x) "m/( (c+d*x)~ (m+1) * (e+'F*X) ) ,X] +
1/'F" (m+n+2) *Int [ (a+b*x) *m/ (c+d*x) ~ (m+1) *
ExpandToSum[ (7 (m+n+2) » (c+d#x) A (m+n+1) & (g+h*x) - (fxg-exh) « (cxf-dxe) ~ (mn+1) ) / (e+fxx),x],x] /;
FreeQ[{a,b,c,d,e,f,g,h},x] && IGtQ[m+n+1,0] && (LtQ[m,@] || SumSimplerQ[m,1] || Not[SumSimplerQ[n,1]])

11



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

.. e+fxp(g+hn
J(a+bx) (c +dx)

Derivation: Algebraic expansion

‘e g+h x o bg-ah B dg-ch
Basis: (a+bx) (c+dx) =~ (bc-ad) (a+bx) (bc-ad) (c+dx)
Rule1.1.1.4.1.6.1:

dg-ch

(e+fx)P

J~(e+fx)p(g+hx)dl bg-ah ~(e+fx)?
X

—
(a+bx) (c+dx) bc-ad a+bx

Program code:

Int[(e_.+f_.#x_) p_#(8_-+h_.*x_)/((a_.+b_.*x_)*(c_.+d_.*x_)),x_Symbol] :=
(bxg-axh) / (bxc-axd) *Int [ (e+f*x) "p/(a+b*x) ,x] -
(dxg-cxh) / (bxc-axd) +Int[ (e+Ffxx)p/ (c+dxx),x] /;
FreeQ[{a,b,c,d,e,f,g,h},x]

bc-ad

c+dx

dx

12



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

+dx)" + fx)P +h
). J«(c X) (e x) (g +hx) ix

a+bx
Derivation: Algebraic expansion

‘ee gthx __ h bg-ah
Basis: asbx b b (a+b x)

Rule1.1.1.4.1.6.2:

(c+dx)" (e +fx)? (g+hx) h bg-ah (c+dx)" (e+fx)P
.J- dx — —j(c+dx)"(e+fx)pdx+ j dx
a+bx b b a+bx

Program code:

Int [ (c_.+d_.*x_)"n_= (e_.+'F_.*x_)"p_* (g_-+h_.*x_)/(a_.+b_.*x_) ,x_Symbol] =
h/bxInt[ (c+d+x)~nx (e+fxx) p,x] + (bxg-axh)/bsInt[ (c+dxx)~nx(e+f+x)"p/(a+bxx),x]| /;
FreeQ[{a,b,c,d,e,f,g,h,n,p},x]

13



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

7: J(a+bx)'“ (c+dx)" (e+fx)? (g+hx) dx

Derivation: Algebraic expansion

h (a+b x) n bg-ah
b b

Basis: g + h x ==

Note: For Bhx , ensuring the simpler square-root factors remain in the denominator of the resulting integrands

arbx Verdx Ve+fx

causes the two elliptic integrals in the antiderivative to have the same and simplest arguments.

Rule1.1.1.4.1.7:

J(a+bx)'" (c+dx)" (e+fx)? (g+hx) dx —
bg-ah
b

h
;J‘(a+bx)'"+:l (c+dx)" (e+Fx)Pdx+ j(a+bx)’“ (c+dx)" (e+fx)Pdx

Program code:

Int[(g_.+h_.#x_)/(Sqrt[a_.+b_.*x_]*Sqrt[c_+d_.*x_]*Sqrt[e_+f_.xx_]),x_Symbol] :=
h/'F*Int [Sqr't [e+-F*x]/(Sqr't [a+bxXx] *Sqrt [c+dxx]) ,x] + ('F*g—e*h)/f*Int [1/(Sqr't [a+bxXx] *Sqrt [c+dxx] *Sqrt [e+'F*x] ) ,x] /3
FreeQ[{a,b,c,d,e,f,g,h},x] & SimplerQ[a+bsx,e+fxx] && SimplerQ[c+dx,e+fxx|

Int[(a_.+b_.#x_) m_x (c_.+d_.#x_) n_x(e_.+F_.#x_) p_x (g_.+h_.*x_),x_Symbol] :=
h/bxInt[ (a+bxx) ~ (m+1) x (C+dxx) “n* (e+Fxx) *p,x]| + (bxg-axh)/bxInt[(a+bxx) mx (c+d+Xx) nx (e+fxx)"p,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,p},x] && (SumSimplerQ[m,1] || Not[SumSimplerQ[n,1]] & Not[SumSimplerQ[p,1]])
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

2. j(a+bx)'“(c+dx)"(e+fx)p(g+hx)qd]xwhen2mezAn2==iAp2==4lAq2==%
m n A/ 2 __ 1
1. J(a+bx) (c +dx) '\/e+-Fx g+hx dx when 2mez A n =3
1. J(a+bx)’“Vc+dx Ve+fx Vg+hx dx when 2mez

1: J(a+bx)"‘\/c+dx \/e+~Fx Vg+hx dx when2mezZ A m< -1

Derivation: Integration by parts

. 2
Basis: & ( crdx Ve+fx A/ +hx) __ degicfgicehs2 (dfgidehicfh) x+3dfhx
X \/ g 2+/c+dx Je+fx +/g+hx

Rule1.1.1.4.2.1.1.1:1f 2me Z A m< -1,then
J‘(a+bx)'“\/c+dX ‘\/e+-Fx Vg+hx dx —

(a+bx)™Vc+dx Ve+fx Vg+hx 1 J-(a+bx)’""1(deg+c-Fg+ceh+2(d-Fg+deh+c-Fh)x+3d-th2)

b (m+1) 2b (m+1) Ve+rdx Ves+fx '\/g+hx

Program code:

Int[(a_.+b_.#x_) m_xSqrt[c_.+d_.*x_]=Sqrt[e_.+f_.»x_]*Sqrt[g_.+h_.*x_],x_Symbol] :=
(a+b*x) "~ (m+1) *Sqrt [c+dxx] *Sqrt [e+f»x] »Sqrt [g+h#x]/ (bx (m+1)) -
1/ (2+bx (m+1) ) »Int [ (a+bxx) A (m+1) /(Sqrt[c+d*x] +Sqrt[e+fxx]+Sqrt[g+hsx])
Simp [d*e*g+c*f*g+c*e*h+2* (d*f*g+d*e*h+c*f*h) *X+3*d*f*h*x"2,x] ,X] /3
FreeQ[{a,b,c,d,e,f,g,h,m},x]| && IntegerQ[2+m] && LtQ[m,-1]

2: J(a+bx)'"\/c+dx \/e+~Fx Vg+hx dx when2mez A m¢ -1

Rule1.1.1.4.2.1.1.2:1f 2me Z A m ¢« -1,then

dx

15



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

J(a+bx)“‘\/c+dx '\/e+-Fx Vg+hx dx —

2@+bx)™vVcrdx Ve+fx Vg+hx 1 J~ (a+bx)™

+
b (2m+5) b@2m+5) J\/cidx Ve+fx Vg+hx

(3bceg-a(deg+cfg+ceh)+2(b(deg+cfg+ceh)-a(dfg+deh+cfh))x-(3adfh-b(dfg+deh+cfh))x?)dx

Program code:

Int[(a_.+b_.#x_) m_xSqrt[c_.+d_.*x_]Sqrt[e_.+f_.»x_]*Sqrt[g_.+h_.*x_],x_Symbol] :=
2 (a+bxx) A (m+1) »Sqrt [c+d+x] #Sqrt[e+Ffxx]| «Sqrt[g+hxx]/ (bx (2xm+5)) +
1/ (bx (2#m+5) ) »Int [ ((a+bxx) ~m) / (Sqrt[c+d=x] +Sqrt [e+Ffxx] *Sqrt[g+hxx]) *
Simp [3*b*C*e*g—a* (d*e*g+c*f*g+c*e*h) +2% (b* (d*e*g+c*f*g+c*e*h) -ax (d*f*g+d*e*h+c*f*h) ) *X— (S*a*d*f*h—b* (d*f*g+d*e*h+c*f*h) ) *x"2,x] ,x] /8
FreeQ[{a,b,c,d,e,f,g,h,m},x]| && IntegerQ[2+m] && Not[LtQ[m,-1]]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

dx when 2mez

2 J‘(a+bx)m\/e+fx Vg+hx

Vec+dx
(a+bx)"Ve+fx Vg+hx
1:J dx when 2meZ A m>0
Vec+dx

Rule1.1.1.4.2.1.2.1:1f 2meZ A m > 0, then

J-(a+bx)'"\/e+fx Vg+hx a
X —
Vec+dx
2@+bx)"Vc+dx Ve +fx ’\/g+hx 1 J‘ (a+bx)m?
d(2m+3) d@2m+3) J[cidx Vesfx Vg+hx

(2bcegm+a (c (fg+eh)-2deg (m+1)) -
(b (2deg-c (fg+eh) (2m+1)) -a(2cfh-d (2m+1) (fg+eh))) x-
(2adfhm+b (d (fg+eh) -2cfh (m+1))) x?) dx

Program code:

Int[(a_.+b_.#x_) m_xSqrt[e_.+f_.»x_]*Sqrt[g_.+h_.*x_1/Sqrt[c_.+d_.*x_],x_Symbol] :=
2 (a+bxx) "mxSqrt [c+d*x] »Sqrt [e+fx] +Sqrt[g+h+x]/ (d+ (2+m+3)) -
1/ (dx (2+m+3) ) +Int [ ((a+bxx) " (m-1) / (Sqrt[c+d«x] +Sqrt[e+fxx] +Sqrt[g+hxx]))
Simp [z*b*c*e*g*m+a* (C* ('F*g+e*h) -2xdxexg* (m+1) ) -
(b* (Z*d*e*g—c* ('F*g+e*h) * (2xm+1) ) -ax (Z*C*'F*h-d* (2xm+1) % ('F*g+e*h) ) ) *X -
(z*a*d*f*h*m+b* (d* (-F*g+e*h) -2xCcxfxhx (m+1) ) ) *X"Z,X] ,X] /3
FreeQ[{a,b,c,d,e,f,g,h,m},x] && IntegerQ[2«m] & GtQ[m,O]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

dx when 2meZ A m<@

2.J-(a+bx)’"\/m\/g+T
Verdx
. jm«/md
(@a+bx) Ve+dx

X

Derivation: Algebraic expansion

BaSIS- Ve+fx Vg+hx - (be-af) (bg-ah) ¥ bfg+beh-afh+bfhx
a+bx b? (a+bx) Ve+fx Vg+hx b2 Ve+fx Vg+hx
Rule1.1.1.4.2.1.2.2.1:
e+fx +hx be-af) (bg-ah) 1 1 bfg+beh-afh+bfhx
[ J o [
X — X+ —
(a+bx) Vc+dx b? (a+bx)\/c+dx Ve+fx \/g+hx b? Ve+dx Ves+fx \/g+hx

Program code:

Int[Sqrt[e_.+f_.xx_]*Sqrt[g_.+h_.*x_1/((a_.+b_.*x_)*Sqrt[c_.+d_.*x_]),x_Symbol] :=
(bxe-axf) x (bxg-axh) /br2xInt [1/( (a+bxx) xSqrt [c+dxx] »Sqrt[e+f»x] xSqrt[g+hxx]),x] +
1/b”2xInt [Simp [b*f*g+b*e*h—a*f*h+b*f*h*x,x]/(Sqr‘t [c+dxXx] *Sqrt [e+'F*x] *Sqrt[g+hxx] ) ,x] /3

FreeQ[{a,b,c,d,e,f,g,h},x]

dx when2mezZ A m< -1

. J~(a+bx)““\/e+fx Vg+hx

Vec+dx
Rule1.1.1.4.2.1.2.2.2:1f 2me Z A m< -1, then
J~(a+bx)'"\/e+fx Vg+hx a
X —
Vec+dx
(a+bx)™Vc+dx Ve +fx '\/g+hx 1 J~ (a+bx)m™?
(m+1) (bc-ad) 2 (m+1) (bc-ad) Verdx Verfx Vg +hx

dx



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

(c(fg+eh) +deg(2m+3) +2 (cfh+d (m+2) (fg+eh)) x+dfh (2m+5) x*) dx

Program code:

Int[(a_.+b_.#x_) m_xSqrt[e_.+f_.»x_]*Sqrt[g_.+h_.*x_1/Sqrt[c_.+d_.*x_],x_Symbol] :=
(a+b*x) "~ (m+1) *Sqrt [c+dxx] *Sqrt [e+f»x] xSqrt[g+h+x]/ ((m+1) * (bxc-axd)) -
1/ (2% (m+1) * (bxc-axd) ) +Int[ ((a+bxx) A (m+1) /(Sqrt[c+d+x] +Sqrt[e+f+x]+Sqrt[g+hsx]) )«
Simp [C* ('F*g+e*h) +dxe*xgx (2xm+3) +2* (C*'F*h+d* (m+2) % ('F*g+e*h) ) *X+dxfxhx (2xm+5) *x"z,x] ,X] /3
FreeQ[{a,b,c,d,e,f,g,h,m},x]| && IntegerQ[2+m] && LtQ[m,-1]

(@a+bx)™ (c+dx)"

Ve+fx Vg+hx

(a+bx)"
1.J dx when 2mez
Ve+dx Ves+fx Vg+hx

1

2 dlxwheaneZAn2==4—

(a+bx)"
1.J. dx when 2mezZ A m>0
Ve+dx Ves+fx '\/g+hx

“f Va+bx

Ve+dx Ves+fx Vg+hx

dx

Derivation: Piecewise constant extraction and integration by substitution

(bg-ah) (c+dx) (bg-ah) (e+fx)
u . (a+bx) \/ (dg-ch) (a+bx) J (fg-eh) (a+bx)
Basis: Ox

AV e+d x Ve+fx

Basis: 1 - 2 Subst { 1

(fg-eh) (a+bx) dg-ch fg-eh

[a+b x \/ Ez::i:; E;ig; \/ (bg-ah) (e+fx) /g+hx <h—b X2> \/1+ (bc-ad) x? \/1+ be-af) x?

Rule1.1.1.4.2.2.1.1.1:

1[é+hx
A/ a+b x

(bg-ah) (e+fx) ,‘/g+ h x

(a+bx) (bg-ah) (c+dx) (bg-ah) (e+fx)
—\/a +bx (dg-ch) (a+bx) (fg-eh) (a+bx) 1
dx —
Ve+rdx Ve+fx \/g+hx Ve+dx Ve+fx \/—b (bg-ah) (c+dx)
a+bx (dg-ch) (a+bx)

(fg-eh) (a+bx)

i

dx

+h x
a+b x
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q 20

2 (a + bX) (bg-ah) (c+dx) (bg-ah) (e+fx)
(dg-ch) (a+bx) (fg-eh) (a+bx) —\/g +hx
— Subst[ dx, x, —
Vec+dx Ve+fx h bx (bc-ad) x? \/1 be-af) x* Va+bx
dg-ch fg-eh

Program code:

Int[Sqrt[a_.+b_.*x_]/(Sqrt[c_.+d_.*x_]+Sqrt[e_.+f_.+x_]*Sqrt[g_.+h_.xx_]),x_Symbol] :=
2x (a+bxXx) *Sqrt [ (bxg-axh) x (c+d*x) / ( (d*g-cxh) = (a+bxx) ) ] *Sqrt [ (bxg-axh) * (e+f*x)/( ('F*g-e*h) * (a+bxX) ) ]/(Sqr't [c+dxXx] *Sqrt [e+'F*x] ) *
Subst [Int[1/( (h-b#x"2) +Sqrt[1+ (bxc-axd) «x*2/ (dxg-cxh) ] +Sqrt[1+ (bxe-axf) xx2/(fxg-exh)]),x],x,Sqrt[g+h+x]/Sqrt[a+bxx]] /;
FreeQ[{a,b,c,d,e,f,g,h},x]

(a+bx)3/2
Z:I dx
Ve+dx Ve+fx Vg+hx

Derivation: Algebraic expansion

Basis: (a+b x)3/2 __ bva+bx ve+dx _ (bc-ad) vVa+bx

A/ c+d X d d+/c+dx
Rule1.1.1.4.2.2.1.1.2:
J- (a+bx)3/2 4 Va+bx Vc+dx (bc-ad) J- Va+bx 4
x—»— dx - X
Ve+dx Ves+fx \/g+hx Ve+fx Vg+hx d Ve+dx Ves+fx ‘\/g+hx

Program code:

Int[(a_.+b_.#x_)"(3/2)/(Sqrt[c_.+d_.*x_]*Sqrt[e_.+f_.+x_]+Sqrt[g_.+h_.*x_]),x_Symbol] :=
b/d+Int[Sqrt[a+bxx]+Sqrt[c+d«x]/(Sqrt[e+f+x]+Sqrt[g+h+x]),x] -
(bxc-axd) /dxInt[Sqrt[a+bxx]/(Sqrt[c+d+x]*Sqrt[e+fxx]*Sqrt[g+hxx]),x] /;
FreeQ[{a,b,c,d,e,f,g,h},x]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

(a+bx)"
3:J dx when2mezZ A mx2
Ye+rdx Ves+fx \/g+hx

Rule1.1.1.4.2.2.1.1.3:1f 2me Z A m = 2,then
b m
J‘ (a+bx) dx
Ve+dx Ves+fx ‘\/g+hx
2b2 (a+bx)™2Vc+dx Ve+fx Vg+hx 1 J- (a+bx)m3
dfh (2m-1) dfh 2m-1) J yvorax vVerfx VEihx

(ab?> (deg+cfg+ceh) +2b’ceg (m-2) -a*dfh (2m-1) +
b(2ab(dfg+deh+cfh) +b? (2m-3) (deg+cfg+ceh)-3a’dfh(2m-1)) x-
2b?> (m-1) (3adfh-b(dfg+deh+cfh))x?) dx

Program code:

Int[(a_.+b_.#«x_)*m_/(Sqrt[c_.+d_.*x_]+Sqrt[e_.+f_.«x_]+Sqrt[g_.+h_.*x_]),x_Symbol] :=
2xb”2x (a+bxx) ~ (m-2) *Sqrt [c+d*x] *Sqrt [e+-F*x] *Sqrt [g+h*X]/(d*‘F*h* (2%m-1) ) -
1/(d*f*h* (2xm-1) ) *Int [ ( (a+bxx) (m—3)/(Sqr't [c+dxXx] *Sqrt [e+'F*x] *Sqrt[g+hxx] ) ) *
Simp [a*b"Z* (d*e*g+c*f*g+c*e*h) +2xb”3xcxexgx (m-2) -a”3xdxfxhx (2+m-1) +
b (Z*a*b* (d*f*g+d*e*h+c~kf*h) +b”2% (2xm-3) » (d*e*g+C*f*g+C*e*h) -3%a”2xdxfxh* (2xm-1) ) *X -
2xb"2x (Mm-1) * (3*a*d*f*h—b* (d*f*g+d*e*h+c*f*h) ) *X"Z,X] ,X] /3
FreeQ[{a,b,c,d,e,f,g,h},x] & IntegerQ[2«m] && GeQ[m,2]

(a+bx)"
Z.J dx when 2mezZ A m<@
Ve+rdx Ves+fx Vg+hx

1
1:J dx
(a+bx)'\/c+dx Ve +fx Vg+hx

Derivation: Integration by substitution

Basis:—Fv[iTl— == %Subst{F[chz}, X, \/c+dx} Ox Ve +dx
c+d X

Rule1.1.1.4.2.2.1.2.1:
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

1
J(a+bx) Ve+dx Ve

Program code:

dx — -2Subst [

f h
+Fx Vg hx (bc—ad—bxz)\/

d d

Int[1/((a_.+b_.*x_)*Sqrt[c_.+d_.*x_]*Sqrt[e_.+f_.+x_]*Sqrt[g_.+h_.*x_]),x_Symbol] :=
-2xSubst [Int [1/(Simp [bxc-axd-bxx"2,x] +Sqrt[Simp | (d*e—c*f)/d+f*x"2/d,x] ] *sart [simp[ (dxg-cxh) /d+h«x"2/d,x]]) ,x],x,Sqrt[c+d+x]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] && GtQ[(dxe-cxf)/d,0]

Int[1/((a_.+b_.*x_)*Sqrt[c_.+d_.*x_]*Sqrt[e_.+f_.+«x_]*Sqrt[g_.+h_.*x_]),x_Symbol] :=
-2xSubst [Int [1/(Simp [bxc-axd-bxx"2,x] +Sqrt[Simp | (d*e—c*-F)/d+-F*x"2/d,x] ] *sart [Simp[ (dxg-cxh) /d+h«x"2/d,x]]) ,x],X,Sqrt[c+d+x]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] && Not[SimplerQ[e+fxx,c+d+x]] & Not[SimplerQ[g+hxx,c+dxx]]

dx

1
x:j
YVa+bx Ve+dx Ves+fx \/g+hx

Derivation: Piecewise constant extraction and integration by substitution

(bg-ah) (c+dx)
/e+fx bg-ah) (c+dx)

- . (dg-ch) (a+bx)
Basis: Oy -

/ bg-ah) (e+fx)

c+dx (fg-eh) (a+bx)

Basis: -

S Subst{
g-ah

)
dg-ch) (

<a+bx)3"2\/g+TJ bg-a

Rule 1.1.1.4.2.2.1.2.2:

J

1

be-
c+d x) (bg-ah) (e+fx)
a+b x) (fg-eh) (a+bx)

(bg-ah) (c+dx) (bg-ah) (e+fx)
(a * bX) \/ (dg-ch) (a+bx) \/ (fg-eh) (a+bx)

dx —

de—cw“*_'Fx2 \/dg—ch+hxz
d d

)X.’

!

bc-ad) x? be-af) x?
1+ dg-ch 1+ fg-eh

1

dx, X, ‘\/c+dx]

A/ é+h X
A/ a+b x

1gé+hx
x A/ a+b x

Va+bx Ve+dx Ve+fx Vg+hx

Ve+dx Ve+fx

(a+bx)32+g+hx \/

(bg-ah) (c+dx)

(bg-ah) (e+fx)

(dg-ch) (a+bx)

|

(fg-eh) (a+bx)
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

2 (a+bx (bg-ah) (c+dx) (bg-ah) (e+fx)
( * ) \/ (dg-ch) (a+bx) (fg-eh) (a+bx) 1 4/g+ h x
—_ - Subst[ dx, x, —
(bg-ah) Vc+dx Ve+fx \/1+[bc-ad]x2 \/1+ be-af) x* Va+bx
dg-ch fg-eh

Program code:

(» Int[1/(Sqrt[a_.+b_.*x_]*Sqrt[c_.+d_.*x_]*Sqrt[e_.+f_.+x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=
-2x% (a+bxx) *Sqrt [ (bxg-axh) x (c+d*x) / ( (d*g-cxh) x (a+bxx) ) ] *Sqrt [ (bxg-axh) = (e+f*x)/( ('F*g—e*h) * (a+bxx) ) ]/
( (bxg-axh) *Sqrt [c+dxx] *Sqrt [e+f*x] ) *
Subst [Int [1/(Sqr't [1+ (bxc-axd) »x"2/ (dxg-cxh) ] xSqrt [1+ (bxe-axf) *x"2/ (fxg-exh) ])sx]sx,Sart [g+h«x] /Sqrt[a+bxx]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] *)

1

2:j
Va+bx Ve+dx Ves+fx '\/g+hx

dx

Derivation: Piecewise constant extraction and integration by substitution

/ be-af) (c+dx)
g+hx (de-cf) (a+bx)

Basis: Oy ==
b f +h
Vedx [
Basis: 1 = Subst{ , x, Yerfx |5 yverfx
be af Ja+bx Va+bx

(a+b x) 3xsz (be-af) (c+dx) J(bemﬂ (g+h x) \/1+ (bc-ad) Jl_(bgah)x2

(de-cf) (a+bx) (fg-eh) (a+bx) de- cf fg-eh

Rule 1.1.1.4.2.2.1.2.2:

(b e-a {_-) W (be:af) (c+d x)

1 (de-cf) (a+bx) 1
dx — - dx
Va+bx Vc+dx Ve +fx \/g+hx (-Fg—eh) m _(be-af) (g+hx) (a+bx)3/2m\/ (be-af) (c+dx) \/ (-be+af) (grhx)

(fg-eh) (a+bx) (de-cf) (a+bx) (fg-eh) (a+bx)



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

ZW (be-af) (c+dx)

(de-cf) (a+bx) 1 m
— Subst[ dx, X, —]

Va+bx
(fg-eh)m {be-af) (g+hx) *

(fg eh) (a+bx)

Program code:

Int[1/(Sqrt[a_.+b_.+x_]*Sqrt[c_.+d_.*x_]+Sqrt[e_.+f_.+x_]*Sqrt[g_.+h_.*x_]),x_Symbol] :=
2xSqrt[g+hxx] *Sqrt [ (b*e—a*f) * (c+d*x)/( (d*e—C*f) * (a+bxx) ) ]/
((fxg-exh) xSqrt[c+d*x] +Sqrt[- (bxe-axf) » (g+hxx) /( (f+g-exh)« (a+bxx))])
Subst [Int[1/(Sqrt[1+(bxc-axd)«x"2/(dxe-cxf)]*Sqrt[1- (bxg-axh) +x"2/(fxg-exh)]),x],x,Sqrt[e+f+x]/Sqrt[a+bxx]] /;
FreeQ[{a,b,c,d,e,f,g,h},x]

1
3: J dx
(a+bx)32Vc+dx Ve+fx Vg+hx
Derivation: Algebraic expansion
- 1 d b+/crdx

Basis: == — + ,
(a+b x)3/2+/c+d x (bc-ad) \/atbx /c+dx (bc-ad) (a+bx)3/?

Rule1.1.1.4.2.2.1.2.3:

1
J dx —
(a+bx)32Vc+dx Ve+fx Vg+hx

d 1 b Vec+dx
- J dx + J dx
be-adJ \[37bx Vc+dx Verfx Vg+hx bc-ad (a+bx)¥2Ve+fx Vg+hx

Program code:

Int[1/((a_.+b_.*x_)"(3/2)*Sqrt[c_.+d_.*x_]*Sqrt[e_.+f_.+x_]+Sqrt[g_.+h_.*x_]),x_Symbol] :=
—d/(b*c—a*d)*Int[l/(Sqr‘t[a+b*x]*Sqr't[c+d*x]*Sqr't[e+-F*x]*Sqr‘t[g+h*x]),x] +
b/ (bxc-axd) +Int[Sqrt[c+dxx]/((a+bxx)(3/2) xSqrt[e+fxx] +Sqrt[g+hxx]),x] /;
FreeQ[{a,b,c,d,e,f,g,h},x]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

(a+bx)"
4:J dx when2mez A m< -2
Ve+rdx Ves+fx \/g+hx

Rule1.1.1.4.2.2.12.4:1f 2mez A m < -2,then

(a+bx)"
J~ dx —
Ve+rdx Ves+fx ‘\/g+hx

b2 (a+bx)™Vc+dx Ve+fx Vg+hx 1 J- (a+bx)™?

Ve+dx Ves+fx Vg+hx
(2a?dfh (m+1) -2ab (m+1) (dfg+deh+cfh) +b> (2m+3) (deg+cfg+ceh)-2b(adfh (m+1) -b (m+2) (dfg+deh+cfh))x+dfhb? (2m+5) x*) dx

(m+1) (bc-ad) (be-af) (bg-ah) _2(m+1) (bc-ad) (be-af) (bg-ah)

Program code:

Int[(a_.+b_.#x_)"m_/(Sqrt[c_.+d_.+«x_]+Sqrt[e_.+f_.+x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=
b”2x (a+bxx) A (m+1) x*Sqrt [c+dxXx] *Sqrt [e+‘F*x] *Sqrt [g+h*x]/( (m+1) x (bxc-axd) % (b*e-a*f) * (bxg-axh) ) -
1/ (2% (m+1) * (bxc-axd) » (bxe-axf) « (bxg-axh) ) +Int[ ((a+bxx)~ (m+1) /(Sqrt[c+d«x] +Sqrt[e+f+x] +Sqrt[g+hxx]) )«
Simp [Z*aAZ*d*'F*h* (m+1) -2%xa*b* (m+1) % (d*f*g+d*e-kh+C*'F*h) +b”2% (24m+3) * (d*e*g+C*f*g+C*e*h) -
2xbx (a*d*f*h* (m+1) -b* (m+2) % (d*f*g+d*e*h+c*f*h) ) *X + dxfxhx (2xm+5) *b"2*x"2,x] ,X] /3
FreeQ[{a,b,c,d,e,f,g,h},x] & IntegerQ[2«m] && LeQ[m,-2]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

(a+bx)"Vc+dx
Ve+fx Vg+hx
(a+bx)"Vc+dx
Ve+fx Vg+hx
g
1: ‘\/a+bx‘\/c+dxdl
Ve+fx Vg+hx

dx when 2mez

dx when 2meZ A m>0

X

Derivation: Algebraic expansion

Basis: Vatbx verdx __ d Va+bx /c+dx /g+hx
" Je+fx \/g+h x x h+e+fx

(de-cf) (bfg+beh-2afh) i (adfh-b (dfg+deh-cfh)) Vve+fx (de-cf) (fg-eh) vVa+bx
2f2h+/a+bx Vc+dx /e+rfx /g+hx 2f2h+/a+bx /c+dx /g+hx 2fh+/c+dx (e+fx)32+/g+hx
- Basis: Matbx Verdx __ 5 b/crdx Verfx vJgrhx (bc-ad) (be-af) (bg-ah) _ (bdeh+f (bdg-bch-adh)) Ja+bx
Je+fx \/gihx x fh~/arbx 2bfh (asbx)32+/crdx Jerfx /g+hx 2bfh~/crdx Verfx /grhx
Rule1.1.1.4.2.2.2.1.1:
YVa+bx Vc+dx a
X —
Ve+fx Vg+hx
Va+sbx Yc+dx Yg+hx (de-cf) (bfg+beh—2afh)J 1 5
+ X +
hVe+fx 2f%h Va+bx Ve+dx Ve+fx Vg+hx
(ad-Fh—b(d-Fg+deh—c-Fh))J- Verfx (de-cH) (fg—eh)J Va+bx
dx - dx
2f%h Ya+bx Vec+dx ‘\/g+hx 2fh Vec+dx (e+'Fx)3/2‘Vg+hx

Program code:

26



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

Int[Sqrt[a_.+b_.*x_]*Sqrt[c_.+d_.+x_]1/(Sqrt[e_.+f_.«x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=
Sgrt[a+bxx] *Sqrt[c+d*x] *Sqrt [g+h*x]/(h*Sqr‘t [e+f*x] ) +
(dxe-cxf) » (bxfxg+brexh-2xaxfxh) /(2+4F 2xh) »Int [1/(Sqrt[a+bxx] +Sqrt[c+d+x] +Sqrt[e+f»x]+Sqrt[g+hsx]),x] +
(a*d*f*h—b* (d*f*g+d*e*h—C*f*h) )/(2*'F"2*h) *Int [Sqrt [e+f*x]/(5qrt [a+bxXx] *Sqrt [c+dxXx] *Sqrt [g+hxx]) ,X] -
(dxe-c+f) (-F*g—e*h)/(z*f*h) *Int[Sqrt[a+bxx]/(Sqrt[c+d«x]« (e+fxx)~(3/2) xSqrt[g+hxx]),x] /;
FreeQ[{a,b,c,d,e,f,g,h},x]

(@a+bx)"Vc+dx
Z:J dx when 2mez A m>1
Ve+fx Vg+hx
Rule1.1.1.4.2.2.2.1.2:1f 2me Z A m > 1, then
(a+bx)"Vec+dx
dx —
Ve+fx Vg+hx
2b(a+bx)™*Vc+dx Ve+fx Vg+hx 1 J‘ (a + b x)™?2
fh(2m+1) fh@2m+1) Jfcidx Vesfx Vg+hx

(ab(deg+c (fg+eh))+2b’ceg(m-1) -a*cfh (2m+1) +
(b> (2m-1) (deg+c (fg+eh)) -a’dfh (2m+1) +2ab (dfg+deh-2cfhm)) x-
b(adfh (4m-1) +b (cfh-2d (fg+eh)m)) x?) dx

Program code:

Int[(a_.+b_.#x_)"m_xSqrt[c_.+d_.*x_]/(Sart[e_.+f_.+x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=
2xbx (a+bxx)~ (m-1) *Sqrt [c+dxx] *Sqrt [e+'F*x] *Sqrt [g+h*x]/(‘F*h* (2xm+1) ) -
1/('F*h* (2xm+1) ) *Int [ ( (a+bxx) (m—2)/(Sqrt [c+d*x] *Sqrt [e+f*x] *Sqrt[g+hxx] ) ) *
Simp [a*b* (d*e*g+c* ('F*g+e*h) ) +2xb"2xCcxexgx (M-1) —a*2xCxFxhx (2xm+1) +
(b"Z* (2%m-1) % (d*e*g+c* (f*g+e*h) ) -a”"2xdxfxhx (2xm+1) +2xaxbx (d*f*g+d*e*h—2*c*f*h*m) ) *X -
b* (a*d*f*h* (4%*m-1) +b* (C*'F*h—Z*d* (-F*g+e*h) *m) ) *X"Z,X] ,X] /5
FreeQ[{a,b,c,d,e,f,g,h,m},x] && IntegerQ[2+m] && GtQ[m,1]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

(a+bx)"Vec+dx
. dx when 2mezZ A m<®©
Ve+fx Vg+hx
g
1 J- Vec+dx g
: X
(a+bx) Ve+fx Vg+hx

Derivation: Algebraic expansion

Basis: verdx d " bc-ad
T oasbx b/cid x b (a+bx) v c+d x
Rule1.1.1.4.2.2.2.2.1:
Ve+dx d 1 bc-ad 1
j dx — —f dx + j dx
(a+bx) Ve+fx Vg+hx b Ve+rdx Ve fx '\/g+hx b (a+bx)'\/c+dx Ve +fx ’\/g+hx

Program code:

Int[Sqrt[c_.+d_.+x_]1/((a_.+b_.*x_)+Sqrt[e_.+f_.+«x_]+Sqrt[g_.+h_.x_]),x_Symbol] :=
d/bxInt [1/(Sqr't [c+dxXx] *Sqrt [e+f*x] *Sqrt[g+hxx] ) ,x] +
(bxc-axd) /bxInt [1/( (a+bxx) *Sqrt [c+d+x] #Sqrt[e+fxx]| xSqrt [g+h*x]),x]| /;
FreeQ[{a,b,c,d,e,f,g,h},x]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

dx

J- Vec+dx
X:
(a+bx)32Ve+fx Vg+hx

Derivation: Piecewise constant extraction and integration by substitution

/ bg-ah) (e+fx)
u . c+dx (fg-eh) (a+bx)
Basis: Oy =0

/ (bg-ah) (c+dx)
e+fx (dg-ch) (a+bx)

bg-ah e+f x (be-af) x* x2
(a+b x)3/2/g+h x (Faeh (asbx) feeh

- bg-ah) (c+dx (bc-ad) x*
(dg-ch) (a+bx) dg-ch
. a XZ “hx Ngrhx
Basis: \/7 X, }

Rule1.1.1.4.2.2.2.2.2:

(bg-ah) (e+fx) bg-ah) (c+dx
Vec+dx {bg-ah) (c+dx)
Vec+dx (fg-eh) (a+bx) (dg-ch) (a+bx)
dx —
3/2 4f
(a+bx) e+fx Vg+hx (bg-ah) (c+dx) 3/2 (bg-ah) (e+fx)
Ve+fx (a +bx) g+hx
(dg-ch) (a+bx) (fg-eh) (a+bx)
zﬂlc_'_dx (bg-ah) (e+fx) (bc-ad) x2
(fg-eh) (a+bx) dg-ch ‘\/g+hx
—_ - Subst —dx, X, —
c+d X

_ A/ (bg-ah) ( ) (be-af) x® Va+bx
(bg ah) e+fx (dg-ch) (a+bx) \’ fg-eh

Program code:

(+ Int[Sqrt[c_.+d_.*x_1/((a_.+b_.*x_)~(3/2)+Sqrt[e_.+f_.«x_]+Sqrt[g_.+h_.*x_1),x_Symbol] :=
-2xSqrt[c+dxx] *Sqrt [ (bxg-axh) x (e+-F*x)/( (f*g—e*h) * (a+bxXx) ) ]/
( (bxg-axh) xSqrt [e+f*x] *Sqrt [ (bxg-axh) x (c+d*xx) / ((dxg-cxh) * (a+bxx)) ] ) *
Subst [Int[Sqrt[1+(bxc-axd)«x"2/ (dxg-cxh)]/Sqrt[1+ (bxe-axf)+x 2/ (fxg-exh)],x],x,Sqrt[g+h«x]/Sqrt[a+bsx]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] *)



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

c+dx
dx

2 | e
(a+bx)32Ve+fx Vg+hx

Derivation: Piecewise constant extraction and integration by substitution

A/ (be-af) (grhx)
c+dx \/ (fg-eh) (a+bx)

|
Basis: Oy
/ (be-af) (c+dx)
ngh X (de-cf) (a+bx)
- (be-af) (c+dx (bc-ad) x*
. (de-cf) (a+bx) de-cf
Basis: — Subst : X, Verfx @
2 Jerfx be-af) (gehx Cbe- af bgah) Va+bx X Jarbx
_(be-af) (g+hx) -
(a+b x) e+f x (Fgeh (asbx) foen
Rule1.1.1.4.2.2.2.2.2:
"/C +dx _ (be-af) (g+hx) (be-af) (c+dx)
(fg-eh) (a+bx) (de-cf) (a+bx)

(be-af) (g+hx)
(a+bx)32vVe+fx _{be-af) (grhx
(fg-eh) (a+bx)

J\ Vec+dx
dx —
(a+bx)32Ve+fx Vg+hx NeEihx .| eaf cdx
g (de-cf) (a+bx)

24/ X _{be-af) (g+hx) (bc-ad) x*
c+d (fg-eh) (a+bx) de-cf Ve+fx
Subst[ — dx, X, —]
crdx Va+bx

—_ -
A/ (be-af) (c+dx) (bg-ah) x*
(be_af) g+hx (de-cf) (a+bx) \’ fg-eh

Program code:
+h_.*x_1) ,x_Symbol]

Int[Sqrt[c_.+d_.*x_]/((a_.+b_.*x_)~(3/2) *Sqrt[e_.+f_.*x_]+Sqrt[g

-2xSqrt [;+d*)_(] *S;r‘t [— (b*e—a*f) * (g+h*X)/( (‘F*g—e*h) * (a+b*X) ) ]/

( (b*e-a*f) *Sqrt [g+hxx] *Sqrt [ (b*e—a*f) * (c+d*x)/( (d*e c*‘F) * (a+bxX) ) ] )
Subst [Int[Sqrt[1+(bxc-axd) +x"2/(dxe-cxf)]/Sqrt[1- (bxg-axh) xx"2/(fxg-exh)],x],x,Sqrt[e+fsx]/Sqrt[a+bsx]] /;

FreeQ[{a,b,c,d,e,f,g,h},X]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

3: (a+bx)"Vc+dx
Ve+fx Vg+hx

dx when2mezZ A mx< -2

Rule1.1.1.4.2.2.2.23:If 2meZ A m < -2, then

(a+bx)"Vc+dx
J~ dx —
Ve+fx Vg+hx
ba+bx)™Vec+dx Ve+fx Vg+hx 1 J- (a+bx)™?
+ .
(m+1) (be-af) (bg-ah) 2(m+1) (be-af) (bg-ah) J \/c,dx Ver+fx Vg+hx

(2acfh(m+1) -b(deg+c (2m+3) (fg+eh))+2 (adfh(m+1) -b(m+2) (dfg+deh+cfh)) x-bdfh (2m+5) x*) dx

Program code:

Int[(a_.+b_.#x_)"m_xSqrt[c_.+d_.*x_]/(Sart[e_.+f_.+x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=
bx (a+bxx)~ (m+1) *Sqrt [c+dxx] *Sqrt [e+f*x] *Sqrt [g+h*x]/( (m+1) » (b*e-a*f) * (bxg-axh) ) +
1/(2*(m+1)*(b*e—a*f)*(b*g—a*h))*Int[((a+b*x)A(m+1)/(Sqrt[c+d*x]*Sqrt[e+f*x]*Sqrt[g+h*x]))*
Simp[z*a*c*f*h*(m+1)—b*(d*e*g+c*(2*m+3)*(f*g+e*h))+2*(a*d*f*h*(m+1)—b*(m+2)*(d*f*g+d*e*h+c*f*h))*x—b*d*f*h*(2*m+5)*xA2,x],x] /5
FreeQ[{a,b,c,d,e,f,g,h,m},x]| && IntegerQ[2+m] 8&& LeQ[m,-2]

31



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

(e+Ffx)? (g+hx)9
S:J dx when@<p<1

(a+bx) (c+dx)

Derivation: Algebraic expansion

i e+f x __ be-af B de-cf
Basis: (a+bx) (c+dx) =~ (bc-ad) (a+bx) (bc-ad) (c+dx)
Rule1.1.1.4.3:1f @ < p < 1, then
(e+fx)? (g+hx)9 be-af (e+1=x)”'1 (g +hx)d de-cf (e+-Fx)p'1 (g+hx)9
J dx — dx - dx
(a+bx) (c+dx) bc-ad a+bx bc-ad c+dx

Program code:

Int[(e_.+f_.#x_) p_*(g_-+h_.*x_)"q_/ ((a_.+b_.#x_)*(c_.+d_.*x_)),x_Symbol] :=
(b*e—a*f)/(b*c—a*d) *Int [ (e+f*x) A (p-1) = (g+hxx) ~q/ (a+bxx) ,x] -
(dxe-c+f) /(bxc-axd) +Int[ (e+Fxx) " (p-1) » (g+h#x) q/ (c+d*x),x] /;
FreeQ[{a,b,c,d,e,f,g,h,q},x] && LtQ[0,p,1]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

(@a+bx)" (c+dx)" 1
4:J dlxwhenmeZ/\n+;ez

Ve+fx Vg+hx

Derivation: Algebraic expansion

Rule1.1.14.4:1f meZ A n+ % € 7, then
(@a+bx)™ (c+dx)" 1 1
dx —>J ExpandIntegrand[(a+bx)"‘(c+dx)"+z, x] dx
Ve+fx Vg+hx Ve+dx Vesfx \/g+hx

Program code:
Int[(a_.+b_.#x_)"m_.%(c_.+d_.+x_)"*n_/(Sqrt[e_.+f_.*x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=

Int [ExpandIntegrand[1/(Sqrt[c+d«x]+Sqrt[e+fsx]*Sqrt[g+hxx]), (a+bxx)"m« (c+dxx) " (n+1/2),x],x] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & IntegerQ[m] 8&& IntegerQ[n+1/2]

5: J(a+bx)'“ (c+dx)" (e»ffx)p (g+hx)9dx when (p|q) ez

Derivation: Algebraic expansion

Rule1.1.1.4.5:If (p | q) € Z,then

J(a+bx)’“ (c+dx)" (e+fx)? (g+hx)9dx — J.ExpandIntegr'and[(a+bx)“1 (c+dx)" (e+fx)? (g+hx)9, x] dx

Program code:

Int[(a_.+b_.#x_) m_x (c_.+d_.#x_)~n_x(e_.+Ff_.#x_) p_*(g_.+h_.*x_)~q_,x_Symbol] :=
Int[ExpandIntegrand [ (a+bx)"m« (c+d*x)“n« (e+f»x) " px (g+h*x)"q,x],x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n},x]| && IntegersQ[p,q]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

6: J(a+bx)"‘ (c+dx)" (e+fx)? (g+hx)9dx when qez*

Derivation: Algebraic expansion

. __ h (a+bx) bg-ah
Basis: g + h x == . + B

Rule1.1.1.4.6:If g € Z*, then
J(a+bx)’" (c+dx)" (e+fx)? (g+hx)9dx —

bg-ah
b

h
;J‘(a+bx)“1+1 (c+dx)" (e+fx)? (g+hx)9 dx+ J(a+bx)’“ (c+dx)" (e+fx)? (g+hx)9*dx

Program code:
Int[(a_.+b_.#x_) m_x (c_.+d_.#x_)~n_x(e_.+Ff_.#x_) p_*(g_.+h_.*x_)"~q_,x_Symbol] :=
h/bxInt [ (a+b%x) » (Mm+1) * (C+d*X) *n* (e+'F*X) Apx* (g+hxx)~ (q-1) ,X] +

(bxg-axh) /bxInt [ (a+b*x) “m* (c+d*X) *n* (e+'F*x) ~px (g+hxx) ~ (q-1) ,x] /3
FreeQ[{a,b,c,d,e,f,g,h,m,n,p},x] && IGtQ[q,0] & (SumSimplerQ[m,1] || Not[SumSimplerQ[n,1]] && Not[SumSimplerQ[p,1]])

C: J(a+bx)'“ (c+dx)" (e+fx)? (g+hx)9dx

Rule1.1.1.4.C;

J(a+bx)’" (c+dx)" (e+fx)? (g+hx)9dx — J(a»fbx)’" (c+dx)" (e+fx)? (g+hx)9dx

Program code:

Int [ (a_.+b_.*x_)™m_.x(c_.+d_.*x_)"n_.=* (e_. +f_. *X_) Ap_.x(g_.+h_.*x_)"q_. ,x_Symbol] g=
CannotIntegrate[ (a+bxx) *mx (c+dxX) *nx (e+fxx) ~px (g+h*x) ~q,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,p,q},x]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

S: J(a+bu)'“(c+du)" (e+fu)® (g+hu)ddx whenu=1i+jx

Derivation: Integration by substitution
Rule 1.1.1.4.S:If u == i + j x, then

1
f(a+bu)'" (c+du)" (e+fu)? (g+hu)fdx — 75ubst[f(a+bx)'“ (c+dx)" (e+fx)? (g+hx)dx, x, u]
J

Program code:

Int[(a_.+b_.#u_) m_.%(c_.+d_.%u_)"n_.x(e_.+f_.xu_) p_.»(g_.+h_.+u_)~q_.,x_Symbol] :=
1/Coefficient [u,x,1] *Subst [Int[ (a+bxx)"mx (c+dxx) “nx (e+Fxx) ~px (g+hxx) *q,x] ,x,u] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,p,q},x] & LinearQ[u,x] & NeQ[u,X]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

Rules for integrands of the form ((a+bx)" (c+dx)" (e +fx)P (g+hx)9"

1: J-((a+bx)r" (c+dx)" (e+£x)? (g+hx)9)"dx

Derivation: Piecewise constant extraction

‘e (i (a+bx)™ (c+dx)" (e+fX)P (g+hx)H)"
Basls.ax <a+bx)mr <C+dx)nr‘ <e+_f:x>pr‘ <g+hx>qr‘ ——e
Rule:

j(i (@a+bx)" (c+dx)" (e+fx)? (g+hx)9)"dx —

(i(@+bx)" (c+dx)" (e+fx)? (g+hx)%)"

j(a+bx)’“" (c+dx)"" (e+ Fx)P" (g+hx)9"dx
(@+bx)"" (c+dx)"" (e+ fx)P" (g+hx)"

Program code:

Int[(i_.%(a_.+b_.*x_)"m_x (C_.+d_.*x_)"n_x(e_.+F_.#x_) p_x(g_.+h_.#x_)~q_)"r_,x_Symbol] :=
(1% (a+bxx) *mx (C+d*x) *nx (e+Fxx) Apx (g+h+x) Aq) ~r/ ((a+b*x) A (Mxr) # (C+d*X) ~ (N+r) x (e+FxX) A (p*r) * (g+h#x) A (q+r) ) »
Int[ (a+b*x)~ (m#r) # (C+d*x)  (n*r) * (e+Fxx) ~ (p*r) » (g+hxx) ~ (q+r) ,x]| /;
FreeQ[{a,b,c,d,e,f,g,h,i,m,n,p,q,r},x|
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

Normalize linear products

1: Ju’“dlx whenu==a+bx

Derivation: Algebraic normalization

Rule: If u == a + b x, then
Ju'“dlx — J(a+bx)“‘d1x

Program code:
Int[u_”m_,x_Symbol] :=

Int [ExpandToSum[u,x] " m,x] /;
FreeQ[m,x] && LinearQ[u,x] && Not[LinearMatchQ[u,Xx] ]

2: Ju"‘v"dlx whenu==a+bx A v=c+dx

Derivation: Algebraic normalization
Rule:lf u==a+bx A v =c+dx,then

Ju'“v"dlx — J(a+bx)'“ (c+dx)"dx

Program code:

Int[u_"m_.*v_"n_.,x_Symbol] :=
Int [ExpandToSum[u,x]*mxExpandToSum[v,x]”*n,x] /;
FreeQ[{m,n},x] & LinearQ[{u,v},x] && Not[LinearMatchQ[{u,v},x]]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q 38

3: Ju"‘v"wpdlx whenu=a+bx Av=c+dx Aw=e+fXx

Derivation: Algebraic normalization
Rule:lf u==a+bx Av=c+dx A w=e+fXx,then

Jumv"wpdx — j(a+bx)'" (c+dx)" (e++'x)pd1x

Program code:
Int[u_"m_.*v_"n_.*w_"p_.,x_Symbol] :=

Int [ExpandToSum[u,x]*mxExpandToSum[v,x]~nxExpandToSum[w,Xx]”"p,x] /;
FreeQ[{m,n,p},x] && LinearQ[{u,v,w},x] && Not[Linear‘MatchQ[{u,v,w},x]]

4: Ju"‘v"wpzqdlx whenu=a+bx Av=c+dx Aw=e+fX A z=g+hx

Derivation: Algebraic normalization
Rule:lfu==a+bx Av=c+dx Aw=e+fx A z=g+hx,then

jumv"wpzqu — J(a+bx)'" (c+dx)" (e+fx)? (g+hx)9dx

Program code:

Int[u_"m_.*xv_"n_.*w_"p_.*z_"q_.,Xx_Symbol] :=
Int [ExpandToSum[u,x]*mxExpandToSum[v,x]~nxExpandToSum[w,x]*p*ExpandToSum[z,x]"q,x] /;
FreeQ[{m,n,p,q},x] && LinearQ[{u,v,w,z},x] && Not[LinearMatchQ[{u,v,w,z},x]]



